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SUMMARY 
Oblique wave f o r m a t i o n  i n  t h e  melt l aye r  o f  a body e n t e r i n g  t h e  
atmosphere i s  examined.  The  three-dimensional  disturbance  equations of t h e  
l i q u i d  i n c l u d i n g  t h e  e f f e c t s  of  v i scos i ty   a r e   fo rmula t ed .  The d i s tu rbance  
motion of the  gas  i s  t a k e n  i n t o  a c c o u n t  n e g l e c t i n g  v i s c o s i t y .  The Tollmien- 
S c h l i c h t i n g  t y p e  o f  i n s t a b i l i t y  i n  t h e  l i q u i d  i s  excluded and only those modes 
are cons idered  for  which  the  phase  ve loc i ty  of  the  d is turbance  i s  g r e a t e r  t h a n  
the  ve loc i ty  o f  t he  bas i c  l i qu id  f low a t  the  gas - l iqu id  in t e r f ace .  Numer ica l  
and  approximate  ana ly t ic  resu l t s  a re  presented  for  waves i n  t h e  l i q u i d  w i t h  
supe r son ic   f l ow  ove r   t he i r   c r e s t s .  A comparison  with  the  numerical   solutions 
shows tha t  t he  approx ima te  ana ly t i c  so lu t ions  a re  accu ra t e  fo r  so lv ing  the  
eigenvalue problem when the Reynolds number o f  t h e  l i q u i d  film i s  s m a l l ,  t h a t  
i s ,  f o r  a h ighly   v i scous   mel t   l ayer .  The approximate   so lu t ions   a re   ob ta ined  
in   c losed  form.  I t  i s  demonst ra ted   tha t   the  mechanism of l i q u i d  wave genera- 
t i o n  i s  supe r son ic  wave drag.  The relat ion  between  the  wavelength  of   the 
d i s tu rbance  and the  o ther  parameters  involved  in  the  e igenvalue  problem i s  
determined and i s  p r e s e n t e d  f o r  a wide range of these  parameters .  
INTRODUCTION 
The theory of hydrodynamic stabil i ty has been employed by severa l  au thors  
in  ana lyz ing  the  format ion  of  waves in  the  me l t  l aye r  o f  a body e n t e r i n g  t h e  
atmosphere. 
Feldman ( re f .  1 )  cons idered  a l iqu id  shear  f low wi th  wave c r e s t s  p a r a l l e l  
t o  t h e  stream direct ion (s t reamwise grooves)  but  neglected the dis turbance 
motion  of  the g a s .  Mi les   ( re f .  2 )  considered a l iqu id   shear   f low  wi th  wave 
c r e s t s  normal to  the  s t r eam d i r ec t ion ,  and  a l though  he  d id  no t  i nc lude  the  
d i s t u r b a n c e  m o t i o n  o f  t h e  g a s  i n  c a l c u l a t i n g  t h e  s t a b i l i t y  o f  t h e  l i q u i d  f i l m ,  
he  d id  ind ica t e  tha t  t he  d i s tu rbance  mot ion  o f  t he  gas  canno t  be  r e l ega ted  to  
a s u b s i d i a r y  r o l e  when the  phase  ve loc i ty  of  the  d is turbance  wave i s  g r e a t e r  
t h a n  t h e  v e l o c i t y  o f  t h e  l i q u i d  a t  t h e  g a s - l i q u i d  i n t e r f a c e .  Chang and 
R u s s e l l  ( r e f .  3 )  considered wave c r e s t s  normal t o  t h e  stream d i r e c t i o n  and 
they  inc luded  the  d i s tu rbance  mot ion  o f  t he  gas  in  the i r  ana lys i s .  However, 
t he  und i s tu rbed  l i qu id  conf igu ra t ion  cons ide red  by  them was t h e  c l a s s i c  K e l v i n -  
Helmholtz  type, as t r e a t e d  by Lamb ( r e f .  4), namely,   an  inf ini te ly   deep,  
i n i t i a l l y  q u i e s c e n t  l i q u i d  s u d d e n l y  s u b j e c t e d  t o  a d i s t u r b a n c e ,  p e r i o d i c  i n  
time. 
The  waves c o n s i d e r e d  i n  t h i s  p a p e r  are t h e  t y p e  o b s e r v e d ,  f o r  i n s t a n c e ,  
i n  r e f e r e n c e  5 ,  The crests  o f  t h e  waves are o b l i q u e  t o  t h e  stream d i r e c t i o n  
( f ig .  1 ) ;  the  problem cons idered  i s  the  th ree -d imens iona l  d i s tu rbance  o f  a 
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Figure 1.- Two sets  of  oblique waves. 
shear  f low of  a t h i n  l i q u i d  film ad jacen t  
t o  a high-speed  gas stream. The d i s t u r -  
bance motion of  the gas  i s  a c c o u n t e d  f o r  i n  
a manner similar t o   t h a t  employed by Chang 
and   Russe l l   ( re f .  3 ) .  
The problem of  obl ique  ( three-  
dimensional)  wave formation  cannot ,   in   gen-  
e r a l ,  b e  t r a n s f o r m e d  t o  a two-dimensional 
problem by employing Squires '  theorem 
( r e f .  6 ) .  For   example,   in   the case of  a 
supersonic  gas  stream, the  gas  f low over  
t h e  crests  of  t h e  waves i n  t h e  l i q u i d  f i l m  
may b e  e i t h e r  s u b s o n i c  o r  s u p e r s o n i c ,  
depending  on  the  d i rec t ion  of  wave propaga- 
t i o n .   I n   s u b s o n i c   f l o w ,   t h e   d i s t u r b a n c e  
p r e s s u r e  o f  t h e  g a s  i s  i n  p h a s e  w i t h  t h e  
in t e r f ace  whereas  in  supe r son ic  f low it i s  
i n  p h a s e  w i t h  t h e  s l o p e  o f  t h e  i n t e r f a c e .  
C l e a r l y ,  t h e  s t a b i l i t y  p r o b l e m  i s  d i f f e r e n t  
f o r  t h e  two cases  and  the re fo re  r equ i r e s  a 
three-d imens iona l   t rea tment .  The primary 
i n t e r e s t  i n  t h e  p r e s e n t  i n v e s t i g a t i o n  i s  
the coupl ing between the dis turbance motion 
o f  t h e  g a s  a n d  t h e  s t a b i l i t y  o f  t h e  l i q u i d .  
S p e c i f i c a l l y  e x c l u d e d  a r e  modes of energy 
t r a n s f e r  as t r e a t e d  b y  Miles ( r e f .  2 1 ,  t h a t  
t r ans fe r  ene rgy  from t h e  mean m o t i o n  o f  t h e  l i q u i d  t o  i ts  d is turbance  mot ion .  
A s  Miles po in ted  ou t  t h i s  t ype  o f  ene rgy  t r ans fe r  occur s  in  the  To l lmien -  
S c h l i c h t i n g  t y p e  o f  i n s t a b i l i t y  where  the  phase  ve loc i ty  of t h e  d i s t u r b a n c e  
wave i s  less t h a n   t h e   v e l o c i t y  of t h e  l i q u i d  a t  t h e  i n t e r f a c e .  Hence, t o  
s t u d y  t h e  e f fec t  of t h e  d i s t u r b a n c e s  i n  t h e  g a s  on t h e  s t a b i l i t y  of  t h e  l i q u i d  
f i lm,  c o n s i d e r a t i o n  w i l l  b e  g i v e n  t o  t h o s e  p o s s i b l e  modes mentioned by Miles 
( r e f .  2 )  f o r  which t h e  p h a s e  v e l o c i t y  o f  t h e  wave i s  g r e a t e r  t h a n  o r  e q u a l  t o  
t h e   v e l o c i t y  o f  t h e  l i q u i d  a t  t h e  i n t e r f a c e .  O f  cou r se ,   cons ide r ing   t hese  
"fast" waves i n  t h e  l i q u i d  ra ises  the  ques t ion  o f  t he  To l lmien -Sch l i ch t ing  
t y p e  o f  i n s t a b i l i t y  i n  t h e  g a s ,  b u t  t h i s  q u e s t i o n  c a n  b e  i g n o r e d  s i n c e  i n  t h e  
m a j o r i t y  o f  p r a c t i c a l  a p p l i c a t i o n s  t h e  g a s  f l o w  i s  l i k e l y  t o  b e  t u r b u l e n t .  
In  the  fo l lowing  sec t ions  the  three-d imens iona l  d i s turbance  equat ions  a re  
formula ted   for   the   l iqu id   and   the   gas ,   and   for   the   boundary   condi t ions .  The 
equat ions a re  then made dimensionless .  
A numerical  method of  solving the eigenvalue problem and an approximate 
a n a l y t i c  s o l u t i o n  a re  p r e s e n t e d .  The approximate   so lu t ions  are  compared with 
the   numer i ca l   so lu t ions .  Then neu t r a l   cu rves   r e su l t i ng   f rom  the   numer i ca l  
s o l u t i o n  a r e  p r e s e n t e d  f o r  a s e l e c t e d  r a n g e  o f  t h e  p e r t i n e n t  p a r a m e t e r s .  
F ina l ly ,  the  approximate  so lu t ions  a re  presented  in  d imens iona l  form for  a 
wide range o f  p a r a m e t e r s  f o r  t h e  small Reynolds numbers of the l iquid film. 
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FORMULATION OF DISTURBANCE  QUATIONS 
Cons ide r  t he  s t r a t i f i ed  mot ion  o f  a t h i n  f i l m  o f  l i qu id  ove r  a s o l i d  
s u r f a c e  a d j a c e n t  t o  a high-speed  gas stream. F o r  a n a l y z i n g  t h e  s t a b i l i t y  of 
t h i s  f l ow conf igu ra t ion ,  a p e r t u r b a t i o n  i s  in t roduced  in to  the  desc r ib ing  equa -  
t i o n s  f o r  t h e  l i q u i d  and the  gas .  The b a s i c  l i q u i d  f l o w  is cons idered  to  be  a 
shear  f low,  and viscous effects are inc luded  in  fo rmula t ing  the  d i s tu rbance  
equa t ions  o f  t he  l i qu id .  The e f f e c t  o f  v i s c o s i t y  i s  n e g l e c t e d  i n  t h e  d i s t u r -  
bance  motion  of  the  gas. The o n l y  e f f e c t  o f  t h e  g a s  c o n s i d e r e d  i n  t h e  s t a b i l -  
i t y  a n a l y s i s  is  t h e  p r e s s u r e  v a r i a t i o n  o f  t h e  g a s  a t  t h e  d i s t u r b e d  i n t e r f a c e .  
Gradients i n  the  bas ic  f low of  the  gas  are  neglec ted  except  a t  t h e  
i n t e r f a c e  where it i s  r ecogn ized  tha t  t he  shea r  i n  the  gas  ba l ances  the  shea r  
i n  t h e  b a s i c  f l o w  o f  t h e  l i q u i d .  Away from t h e  i n t e r f a c e ,  t h e  b a s i c  p r o p e r -  
t ies  of  the  gas  f low tha t  in f luence  the  pressure  d is turbance  are c h a r a c t e r i z e d  
by  parameters  regarded as constants   throughout   the  gas   boundary  layer .  The 
pu rpose  o f  t h i s  i nves t iga t ion  i s  to  de t e rmine  how those  pa rame te r s  a f f ec t  t he  
s t a b i l i t y  o f  t h e  t h i n  l i q u i d  film. 
Car tes ian  coord ina tes  a re  in t roduced  s o  t h a t  t h e  i n t e r f ace  co inc ides  wi th  
the   (x l ,   x2 )   p l ane .  The f i l m  o f   l iqu id   f lows   over  a s o l i d  w a l l ,  l o c a t e d  a t  
x3 = -h,  so t h a t   t h e  x3 a x i s   p o i n t s  away from t h e  wall .  C a r t e s i a n   t e n s o r  
n o t a t i o n  i s  used. The s u b s c r i p t s  a and 6 range  from 1 and 2 (two  mutually 
p e r p e n d i c u l a r  d i r e c t i o n s  i n  t h e  p l a n e  of t h e  i n t e r f a c e ) ,  and repeated sub- 
s c r i p t s  imply a t e n s o r  summation ove r  t h i s  r ange .  The b a s i c  flow is  t a k e n  t o  
b e   i n   t h e  x1 d i r e c t i o n ;  however, a three-dimensional   dis turbance i s  consid- 
ered.   Furthermore,   the  wave amplitude i s  assumed t o  b e  s u f f i c i e n t l y  small t h a t  
t h e  p r i n c i p l e  o f  s u p e r p o s i t i o n  a p p l i e s .  T h e r e f o r e ,  t h e  two f ami l i e s   o f  wave 
c r e s t s  shown i n  f i g u r e  1 may be  t rea ted  independent ly .  
DISTURBANCE  QUATIONS - LIQUID 
Consider a three-dimensional  dis turbance of  the basic  f low whereby only 
f i r s t - o r d e r  terms a r e  r e t a i n e d :  
where 
E = exp i(k6xg - w t )  
The  wave numbers k l ,  k2 are taken t o  be rea l .  The  wave normal  has  the 
d i r e c t i o n  numbers 
( k l  Y k2Y 0 )  
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The  wave l e n g t h  o f  t h e  d i s t u r b a n c e  i n  t h e  d i r e c t i o n  o f  t h e  wave normal i s  
given  by 2II/k where k = A. The cons t an t  w i s  t a k e n   t o   b e  complex.  The 
real  p a r t   o f  w is equa l   t o   t he   angu la r   f r equency   o f   t he   d i s tu rbance ,   and   t he  
imaginary  par t  i s  e q u a l  t o  t h e  time a m p l i f i c a t i o n  f a c t o r  o f  t h e  d i s t u r b a n c e .  
The appropr i a t e  fo rm o f  the  d i s tu rbance  equa t ions  i s  de r ived  by 
s u b s t i t u t i n g  t h e  form of  the  d is turbance  in t roduced  above  in to  the  equat ions  
of motion of a v i s c o u s  l i q u i d  
and r e t a i n i n g   f i r s t - o r d e r   d i s t u r b a n c e   q u a n t i t i e s .  (Symbols a r e   d e f i n e d   i n  
appendix A . )  The b a s i c   f l o w   s a t i s f i e s  
u, (x31 = UX(1 + x3/h) 
u2(x3) = 0 ' -h 2 x 3  5 0  ( 3 )  
P(X3) = pg - Pgx3 
where Pg i s  t h e   p r e s s u r e   a t   h e   u n d i s t u r b e d   i n t e r f a c e .   I t  i s  considered 
s u f f i c i e n t l y  g e n e r a l  t o  a l l o w  t h e  g r a v i t y  v e c t o r  t o  b e  n o r m a l  t o  t h e  ( x l ,  x 2 )  
plane.  The d i s tu rbance   equa t ions   a r e  as fo l lows :  
-I 
i(kgUg - w)u3 
du3 
dx3 
i ( k g u B )  + -= 0 
4 
J 
I n  o b t a i n i n g  t h e  d i s t u r b a n c e  e q u a t i o n s ,  t h e  f a c t  t h a t  t h e  b a s i c  f l o w  
satisfies equat ions (3)  h a s   b e e n   u t i l i z e d .  When ua (a = 1, 2)  i s  e l imina ted  
from the   fo rego ing   equa t ions   t he   d i s tu rbance   p re s su re  p i s  expres sed   i n  
terms of   u3  
where 
i s  t h e  v e l o c i t y  component o f  t h e  b a s i c  f l o w  i n  t h e  d i r e c t i o n  o f  t h e  wave 
normal.   Eliminating p from t h e   r e s u l t i n g   e q u a t i o n s   y i e l d s   t h e   u s u a l  Orr- 
Sommerfe ld  equat ion  for  the  l iqu id  f i l m  
For a l i n e a r  p r o f i l e ,  d2U/dx2 = 0 .  
3 
DISTURBANCE  QUATIONS - GAS 
The e f f e c t  of v i s c o s i t y  i s  neg lec t ed  in  the  d i s tu rbance  mot ion  of t h e  
gas .  The fo l lowing   th ree-d imens iona l   d i s turbance  i s  considered:  
where 
E = exp  i(kgxg - u t )  
5 
and 
- - a  -2 p = P -  E = , -  Pw 
Y ’ P  PC0 
appropr i a t e  form o f  the  d i s tu rbance  equa t ions  
the form of  the dis turbance introduced above 
a compress ib le ,  inv isc id  gas .  
S i n c e  v i s c o s i t y  is neg lec t ed  in  the  d i s tu rbance  mot ion  o f  t he  gas ,  t he  
may be  ob ta ined  by  subs t i t u t ing  
in to  the  equa t ions  o f  mot ion  o f  
J 
and r e t a i n i n g  f i r s t - o r d e r  d i s t u r b a n c e  q u a n t i t i e s .  The b a s i c  f l o w  s a t i s f i e s  
u1 = uw 
u2 = 0 1 0 < x3 2” P = Pg - P = Pg 
where a l l  b a s i c  f l o w  q u a n t i t i e s  a r e  assumed c o n s t a n t .  The b a s i c  flow may be 
regarded as a s u i t a b l e  mean of  an actual  boundary-layer  f low.  
The d i s tu rbance   equa t ions  are as fol lows:  , 
2 
i(kgUB - u)u3 = - - - am dp 
p, dX3 
6 
Eliminat ing ua (a = 1, 2)  from the  foregoing  equat ions  and  employing  the 
r e l a t i o n  
y i e l d s  an expression f o r  t h e  d i s t u r b a n c e  p r e s s u r e  i n  t e r m s  of  u3 
where 
is  t h e  v e l o c i t y  component  of t h e  b a s i c  f l o w  i n  t h e  d i r e c t i o n  o f  t h e  wave 
normal. When p i s  e l imina ted  from t h e   r e s u l t i n g   e q u a t i o n s   t h e   d i s t u r b a n c e  
equat ion  for  the  gas  is  
d2u3 
+ k2 n - 1  u , = o  1 
S i n c e   t h e   r e a l   p a r t  of w/k equa l s   t he   phase   ve loc i ty   o f   t he   d i s tu rbed  
i n t e r f a c e ,  t h e  c h o i c e  of the  proper  solutions  of  equation  (12)  depends on 
whether t h e  component o f  t h e  b a s i c  f l o w  i n  t h e  d i r e c t i o n  o f  t h e  wave normal, 
U g ,  r e l a t i v e  t o  t h e  p h a s e  v e l o c i t y  i s  g r e a t e r  o r  l e s s  t h a n  t h e  s p e e d  o f  
sound  am. I f  it i s  g rea t e r , equa t ion   (12 )  i s  s o l v e d   f o r  a d i s t u r b a n c e   t h a t  
o r i g i n a t e s  a t  t h e  i n t e r f a c e .  
Supersonic  so lu t ion :  
where A i s  an a r b i t r a r y   c o n s t a n t .  If the   phase   ve loc i ty  i s  l e s s   t h a n  am 
(subsonic),   equation  (12) i s  s o l v e d  f o r  a d is turbance   tha t   decays  as t h e  
d i s t ance  f rom the  wall i s  i n c r e a s e d  i n  t h e  p o s i t i v e  d i r e c t i o n  of x3. 
Subsonic  so lu t ion :  
7 
The disturbance pressure in terms of u3 for the two cases  is: 
Supersonic 
Subsonic 
The kinematic condition at the interface enables one to evaluate  the 
arbitrary  constant A in the above  expressions for u3 in terms of the ampli- 
tude of the displacement of the  interface.  Let  the  equation of the  interface 
be 
The kinematic condition in the gas at the interface is 
-  TI, aTT3 
u3 = - at 
+ E  - 
B ax, 
Neglecting second-order disturbance quantities, and evaluating u3 at 
x3 = 0 yields 
This relation enables one to evaluate  the disturbance pressure of  the  gas  at 
the  interface x3 = 0 in terms of E, the  amplitude of the  displacement. For 
the two cases: 
Supersonic 
ikpm(Ug - w/k) 2~ 
n -  
Subsonic 
Subsequently  these  expressions for p will be used  in  formulating  the 
boundary  conditions of the  liquid  at  the  interface. For this  purpose, it  is 
considered sufficiently accurate  to  neglect  the  term w/k compared  to  the 
term U g  in  the above expressions. The expressions  that will be used 
subsequently for the  gas  pressure  are: 
8 
e 
Supersonic 
Subsonic 
where M E Ug/am. Note t h a t  t h e  Mach number so  de f ined  i s  t h e  p r o j e c t i o n  o f  
t h e  a c t u a l  Mach number o f  t h e  b a s i c  f l o w  i n  t h e  d i r e c t i o n  o f  t h e  wave normal. 
Hence, the  f low may be  subsonic  across  the  wave c r e s t s  when the  bas i c  f low i s  
supersonic .  
Boundary Conditions 
The b o u n d a r y  c o n d i t i o n s  a t  t h e  i n t e r f a c e  a r e  e v a l u a t e d  a t  t h e  f r e e  
s u r f a c e .  The equa t ion   o f   t he   i n t e r f ace  i s  
and the  k inemat i c  cond i t ion  in  the  l i qu id  a t  t h e  i n t e r f a c e  is  
Neglect ing  second-order   dis turbance  quant i t ies   and  evaluat ing  u3 a t  x3 = 0 
y i e l d s  
u3 = i k  (U,  - u/k)E ( 2 6 )  
where U ,  is  t h e   v e l o c i t y   o f   t h e   l i q u i d  a t  t he   und i s tu rbed   i n t e r f ace   i n   t he  
d i r e c t i o n  of t h e  wave normal. The f i r s t  boundary  condition  to  be  imposed a t  
t h e  i n t e r f a c e  i s  tha t  t he  d i scon t inu i ty  o f  no rma l  s t r e s s  equa l  t he  su r face  
t ens ion .  We h a v e   f o r   t h e   n o r m a l   s t r e s s  
where the second-order  terms i n  t h e  e x p r e s s i o n  f o r  t h e  i n t e r f a c e  c u r v a t u r e  
have  been  neglected,  and  where T deno tes   t he   su r f ace   t ens ion .  
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The above  express ion  eva lua ted  a t  t h e  d i s t u r b e d  i n t e r f a c e  i s :  
If t h e  e f f e c t  o f  v i s c a s i t y  i s  neg lec t ed  in  the  d i s tu rbance  mot ion  of 
t h e  g a s  a n d  t h e  r e l a t i o n s  s a t i s f i e d  b y  t h e  b a s i c  f l o w  a r e  c a n c e l l e d ,  
In  the  above  expression  pg i s  the   on ly   t e rm  tha t   i nvo lves   t he   gas ,  and a l l  
q u a n t i t i e s  a r e  t o  b e  e v a l u a t e d  a t  x3 = 0 .  
S u b s t i t u t i n g   t h e   r e l a t i o n s   g i v e n   f o r   p ,  p , and E by  equations (5 ) ,  
(22),  and ( 2 6 ) ,  r e s p e c t i v e l y ,  i n t o  e q u a t i o n  (297 y i e l d s  t h e  n o r m a l  s t r e s s  
c o n d i t i o n  f o r  a supersonic  gas  f low 
(30) 
and f o r  a subsonic  gas  flow  from  equation  (23) 
(31) 
The second boundary condition to be imposed a t  t h e  i n t e r f a c e  is  c o n t i n u i t y  of 
t a n g e n t i a l  s t r e s s ,  t h a t  i s  
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When t h e  e f f e c t  o f  v i s c o s i t y  i n  t h e  d i s t u r b a n c e  m o t i o n  of the gas  i s  neg lec t ed ,  
du 
1-1 ( ik?ug  + >) dX3 = 0 
Eliminating  ua ( a  = 1, 2 )  for  the  foregoing  equation  and  employing (4)  y i e l d s  
d3u3 
dx2 
3 
+ k 2 u 3  - - k IJ1 - ~ / k  (34) 
For a l i n e a r  v e l o c i t y  p r o f i l e  i n  t h e  l i q u i d ,  t h e  l as t  term in equat ion (34) 
van i shes .   In   ob ta in ing   t h i s   boundary   cond i t ion   t he   fo l lowing   r e l a t ion  
s a t i s f i e d  by the  bas i c  f low has  been  u t i l i zed  
U l  p - =  T 
h 
where T i s  t h e   s h e a r   s t r e s s   o f   t h e   b a s i c   f l o w  of gas   exer ted on t h e  
i n t e r f a c e  i n  t h e  d i r e c t i o n  of t h e  wave normal 
Dimensionless Form of  the Equat ions 
(35) 
The d i s tu rbance  eqEa t ions  a re  made dimensionless by a s u i t a b l e  c h o i c e  of 
r e fe rence   d imens iona l   quan t i t i e s .   I n   t he   p re sen t   ca se   t he   dep th   o f   t he  f i l m  
h i s  chosen as the  r e fe rence  l eng th ,  and  the  ve loc i ty  o f  t he  f i l m  a t  t h e  
u n d i s t u r b e d   i n t e r f a c e   i n   t h e   d i r e c t i o n   o f   t h e  wave normal UI i s  chosen as 
the  r e fe rence  ve loc i ty ;  t he  r ema in ing  r e fe rence  quan t i ty  is t h e  l i q u i d  
d e n s i t y  p .  For a l i n e a r   v e l o c i t y   p r o f i l e   i n   t h e   l i q u i d   t h e   d i s t u r b a n c e  
d i f f e r e n t i a l  e q u a t i o n  (6) i s  t r ans fo rmed  to  
1 1  
where   p r imes   deno te   d i f f e ren t i a t ion   w i th   r e spec t   t o  q and  where 
( 3 7 )  
and f o r  t h e  s u b s o n i c  c a s e  
where 
F and W a r e   t h e  Froude  and Weber numbers ,   respect ively.  The boundary 
cond i t ions  a t  t h e  s o l i d  s u r f a c e  a r e  
q = -1; 9 = 4 '  = 0 (39) 
1 2  
The different ia l   equat ion  (36)   and  equat ions  (37)   to   (39)   for   the  boundary 
condi t ions  cons t i tu te  an  e igenvalue  problem for  de te rmining  the  e igenvalue  
c fo r   g iven   va lues   o f  a, R ,  F,  W, c f ,  and M. Ano the r   i n t e rp re t a t ion   o f   t he  
parameter cf ,can  be  examined i f  we n o t e  t h a t  s i n c e  T = p(Ul/h) 
T = CfPgU; 
Numerical Method o f  So lu t ion  of Eigenvalue Problem 
The eigenvalue problem formulated in  the previous sect ion i s  s o l v e d  i n  
t h e  manner  employed i n  r e f e r e n c e  7; namely,   the  parameters a, R ,  F ,  W ,  c f ,  
and M are f i x e d .  Then values  of c are  found  for  which  equation  (36)  has 
so lu t ions  sa t i s fy ing  the  boundary  cond i t ions  ( eqs .  (37 ) -  (39 ) ) .  
The eigenvalue c and the   co r re spond ing   e igen func t ions   a r e   ob ta ined  by 
t rea t ing   equat ion   (36)  as a nonl inear   equa t ion .  A t r i a l  s o l u t i o n  i s  obtained 
by s t e p - b y - s t e p   n u m e r i c a l   i n t e g r a t i o n   o f   t h e   e q u a t i o n   s t a r t i n g   a t  rl = 0 with 
assumed s tar t ing  values   and  with  an assumed value  of   c .  The boundary  condi- 
t i ons   ( eqs .   (39 ) ,   a r e   eva lua ted   a t   t he   so l id   su r f ace  TI = -1. I f   the   boundary  
c o n d i t i o n s   a r e   n o t   s a t i s f i e d ,   t h e   s t a r t i n g   v a l u e s  and c a r e   a d j u s t e d  by 
means o f  t he  Newton-Raphson p rocedure  and  ano the r  t r i a l  i s  made. To car ry   ou t  
t h e  s o l u t i o n  of the eigenvalue problem i t  i s  conven ien t  t o  r ewr i t e  t he  fou r th -  
o rde r  d i f f e ren t i a l  equa t ion  (36 )  a s  a sys t em o f  s econd-o rde r  d i f f e ren t i a l  
equa t ions .   Fo r   t h i s   pu rpose ,   t he   va r i ab le  s = $ ' I  - a 2  which is  r e l a t e d   t o  
t h e  d i s t u r b a n c e  v o r t i c i t y  i s  in t roduced ,  and  the  d i f fe ren t ia l  equat ion  (36)  
and the   boundary   condi t ions   equat ions   (37) - (39)   a re   wr i t ten   in   t e rms   of  s as 
fol lows : 
a t  n = O  
where f o r  t h e  s u p e r s o n i c  case 
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and f o r  the  subsonic  case 
To ca r ry  ou t  t he  numer i ca l  i n t eg ra t ion  o f  equa t ions  (41 )  fou r  in i t i a l  cond i -  
t i o n s  and a v a l u e   f o r  c must   be   spec i f ied .  I t  i s  assumed t h a t   t h e   o t h e r  
pa rame te r s   have   been   spec i f i ed .   S ince   t he   d i f f e ren t i a l   equa t ion   and   t he  
boundary  conditions  are  homogeneous, i t  i s  p e r m i s s i b l e   t o  set  $ = 1 a t  rl = 0 .  
T h i s   f i x e s  o n e   o f   t h e   i n i t i a l   c o n d i t i o n s .  The r e m a i n i n g   i n i t i a l   c o n d i t i o n s  
may be obtained from the boundary conditions,  provided one of them i s  spec i -  
f ied .   Des igna te  as x the   va lue   o f  $ ' ( O ) .  The q u a n t i t i e s  x and c must 
be   ad jus t ed  by t r i a l  s o  a s   t o   s a t i s f y   t h e   b o u n d a r y   c o n d i t i o n s  a t  T-I = -1. The 
i n i t i a l   c o n d i t i o n s  a t  r- = 0 a r e   g i v e n   i n  terms of x and c as fo l lows :  
$ = 1  
61 = x 7 
To s a t i s f y   t h e   b o u n d a r y   c o n d i t i o n s   a t  TI = -1 the   va lues  x E $ I  (0) and c a r e  
ad jus t ed   acco rd ing   t o   t he  Newton-Raphson procedure.  To c a r r y  o u t  t h i s  p r o c e -  
dure i t  i s  necessa ry   t o  know  how $ and + I  vary  with x and c a t  r- = -1. 
This information can be supplied by fo rmula t ing  the  pe r tu rba t ion  equa t ions  
( r e f .  7) assoc ia ted   wi th   equat ions   (41) .  The pe r tu rba t ion   equa t ions   a r e  
ob ta ined   by   d i f f e ren t i a t ing   t he   t e rms   i n   equa t ions   (41 )   w i th   r e spec t   t o  x 
and c .  The a p p r o p r i a t e  i n i t i a l  v a l u e s  f o r  t h e  p e r t u r b a t i o n  d i f f e r e n t i a l  
equat ions  a re  obta ined  by  d i f fe ren t ia t ing  the  te rms  in  the  boundary  condi -  
t i ons   ( eqs .  ( 4 6 ) )  wi th   respec t  t o  x and   c .   I n t eg ra t ing   t he   pe r tu rba t ion  
d i f f e r e n t i a l  e q u a t i o n s  and t h e  o r i g i n a l  d i f f e r e n t i a l  e q u a t i o n s  ( 4 1 )  e n a b l e s  
one t o   e v a l u a t e  a t  rl = -1 t h e   p e r t i n e n t   q u a n t i t i e s :  4, $ I ,  $ x ,   $ x t ,  $=, 
and $ c l .  The s u b s c r i p t s  x and c d e n o t e   d i f f e r e n t i a t i o n   w i t h   r e s p e c t   o  
x and c ,  r e s p e c t i v e l y .  
The p e r t u r b a t i o n   e q u a t i o n s   f o r  x a r e  
I = + sx 
s x t l  = a2sx + iaR(F1 - c ) s x  
w i t h  t h e  i n i t i a l  c o n d i t i o n s  
+x = 0 
= 1 
sx = 0 
(47)  
sxl  = 2a2 - i aR(c  - 1) J 
1 4  
The p e r t u r b a t i o n   e q u a t i o n s   f o r  c a r e  
wi th  the  i n i t i a l  cond i t ions  
l$c = 0 
l$cl = 0 
sc  = 0 
s c l  = - ia  [ (c  : 1 ) 2  + Rx] 
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For  values  of x and c t h a t   y i e l d  a t  rl = -1 approximate  zeros  of l$ 
and $ I ,  a be t te r  approximat ion  (x + Ax and c + Ac) i s  obta ined  by  ca lcu la t ing  
t h e   c o r r e c t i o n s  Ax and Ac from t h e  Newton-Raphson equat ions 
0 = $ + $,AX + $,Ac 
0 = $ I  + $ x r A ~  + $ , ' A c  
(51) 
For  given values  of  the parameters ,  the procedure out l ined should converge to  
an  eigenvalue  c.  
The resu l t s  ob ta ined  wi th  th i s  numer ica l  p rocedure  w i l l  be  presented  i n  
a subsequent  sec t ion .  
APPROXIMATE ANALYTIC  SOLUTIONS 
The reg ion  in  the  ne ighborhood of  R = 0 i s  o f  p a r t i c u l a r  i n t e r e s t  t o  
the problem o f  wave format ion  in  the  mel t  l ayer  of  a body en ter ing  the  a tmos-  
phere   s ince   the   mel t   l ayer  i s  u s u a l l y  h i g h l y  v i s c o u s .  S o l u t i o n s  v a l i d  i n  t h e  
neighborhood  of R = 0 may be  obtained  by an  expansion  in  powers  of R a s  
suggested  by Yih ( r e f .  8 ) .  However, a somewhat s impler   p rocedure   than   tha t  
employed  by  Yih  can be  used  to  ob ta in  so lu t ions  fo r  " f a s t "  waves ,  t ha t  i s ,  
Re(c) >> 1 where Re deno tes   r ea l   pa r t .   Th i s   p rocedure   cons i s t s   i n   neg lec t -  
i ng   t he   va r i ab le   t e rm rl i n  comparison t o   t h e   t e r m  c - 1 i n   t h e   d i f f e r e n t i a l  
equa t ion  (41 ) ,  so lv ing  the  r e su l t i ng  equa t ion ,  fo rmula t ing  the  d i spe r s ion  
r e l a t i o n  i n  a n a l y t i c  form v a l i d  f o r  a l l  va lues  o f  R ,  and  examining t h e  
b e h a v i o r   o f   t h e   d i s p e r s i o n   r e l a t i o n   i n   t h e   n e i g h b o r h o o d  of R = 0.  This  exam- 
i n a t i o n  will be  ca r r i ed  ou t  by  expand ing  the  d i spe r s ion  r e l a t ion  in  a Taylor  
s e r i e s   i n  R .  The expansion w i l l  b e   c a r r i e d   o u t   o  f i r s t  o r d e r   i n  R .  This  
p rocedure   shou ld   a l so   y i e ld   app rox ima te   so lu t ions  when 1 c - 11 >>  1. When 
t h e  term rl i s  omitted  from  equation ( 4 1 ) ,  t he re   a r e   ob ta ined   t he   fo l lowing  
d i f f e r e n t i a l  e q u a t i o n s  w i t h  c o n s t a n t  c o e f f i c i e n t s  
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o r  
where 
i a  
c -  1 
x = -  € - iaR (55) 
The so lu t ions   o f   equa t ions   (52 )  are 
4 = Ae " + + Ce " + De 
s = ( p 2  - a2)CeBq + ( B 2  - a2)De-B' 
- Brl  } (56) 
where A ,  B ,  C ,  and D a r e   a rb i t r a ry   cons t an t s   and   where  B d e n o t e s   f o r  
d e f i n i t e n e s s  t h e  r o o t  w i t h  p o s i t i v e  r e a l  p a r t  o f  e q u a t i o n  ( 5 3 ) .  F o r  a non- 
t r i v i a l  s o l u t i o n  o f  t h e  e i g e n v a l u e  p r o b l e m ,  t h e  s u b s t i t u t i o n  o f  e q u a t i o n s  ( 5 6 )  
in to   equat ions   (43)   and   (54)   requi res   the   vanish ing   of   the   fo l lowing   secular  
de te rminant :  
16 
s i n h  a s i n h  B cosh a cosh B 
a cosh a B cosh B a s i n h  a B s i n h  B 
42 + a2 2aB -X/a - X/a 
0 0 2 a 2  a2 + B2 
(57) 
= o  
The d i s p e r s i o n  r e l a t i o n  f o r  R = 0 may be  obta ined  by  eva lua t ing  the  
secular   de te rminant   equa t ion  (57)  f o r  B = a a f t e r   c a n c e l l i n g   t h e   f a c t o r  
( B  - a) from the   de t e rminan t ,   and   s e t t i ng  B = a. The removal  of (6  - a) 
i s  r equ i r ed  because  the  secu la r  de t e rminan t  i s  s a t i s f i e d  t r i v i a l l y  f o r  B = a. 
To remove (6 - a ) 2  the   determinant  (57) i s  rearranged as fo l lows :  
s i n h  a s i n h  B - s inh  a cosh a cash - cash 
a cosh a B cosh B - a cosh a a s i n h  a 13 s i n h  B - a s inh  a 
132 + a 2  - ( %  - a12 -X/a 0 
0 0 2 a 2   % 2  - a2 
S u b s t i t u t i n g  t h e  i d e n t i t i e s  
s i n h  13 = s i n h  a + 2 cosh - B + a  B - a  s i n h  ~ 
cosh B = cosh a + 2 s i n h  - B + a  1 3 - a  s i n h  ~ 
2 2 
2 2 
i n t o  t h e  determinant  and dividing t h e  second and fourth columns of the 
r e su l t i ng  de te rminan t  by t h e  f a c t o r  (6  - a) y i e l d s  
. -  
= o  
(58) 
B + a  2 cash -s i n h  e 2 2 s i n h   - B - a  2 s i n h  a cosh a 
B - a  B - a  
26 s i n h  - a s i n h  - a + cosh a 26  cosh  s inh + s i n h  a 
B - a  6 - a  
a cosh a a s i n h  a 
8 2  + a2 -X a 0 
= o  
-(6 - a) 
0 0 2a2 & + a  
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Evalua t ion  of  the  de te rminant  y ie lds  
(s inh a cosh a - a )  (-X/a) = 2a2 (a2 + cosh2 a )  (61) 
With X given  by  equation (SS) ,  equat ion  (61)   yields  a t  R = 0 fo r   t he   sub -  
son ic  case  
c - 1 = -  i 1 s inh  a cosh a - a 
2a cfJ- a2 + cosh2 a 
and f o r  t h e  s u p e r s o n i c  c a s e ,  
1 1 s inh  a cosh a - a 
2a h q  a2 + cosh2 a c - 1 = -  
Cf 
I t   shou ld   be   no ted   t ha t   equa t ions  ( 6 2 )  and  (63) a r e  v a l i d  a t  R = 0 
regard less   o f   the   va lue   o f   c .   This   can   be   seen   by   car ry ing   ou t   Yih ' s   expan-  
s i o n  p r o c e d u r e  f o r  o b t a i n i n g  t h e  d i s p e r s i o n  r e l a t i o n s .  To f i r s t  o rde r  (R = 0 ) ,  
t h e   c o e f f i c i e n t   o f  R i n   t h e   d i f f e r e n t i a l   e q u a t i o n  (41)   does  not   contr ibute  
t o   t h e   s o l u t i o n ,  s o  t h a t   n e g l e c t i n g   t h e   t e r m  n i n  comparison t o   t h e   t e r m  
c - 1 i s  a super f luous   assumpt ion   for  R = 0 .  However, t h i s  i s  not   the   case  
in   the   ne ighborhood  of  R = 0 .  
I t  will be shown s u b s e q u e n t l y  t h a t  t h e  d i s p e r s i o n  r e l a t i o n  i n  a n a l y t i c  
fo rm (eq .  (59 ) , i s  ex t r eme ly  use fu l  e spec ia l ly  when it i s  complemented  with 
the numerical  method previously presented.  
The p h y s i c a l  i n t e r p r e t a t i o n  o f  t h e  l i m i t i n g  c a s e  R = 0 i s  discussed  by 
Yih ( r e f .  8) i n  connec t ion  wi th  the  s t ab i l i t y  o f  l i qu id  f low down an  inc l ined  
p l ane .   In   t he   ca se  R = 0 t h e r e  i s  no disturbance  motion,  but  merely a s u r -  
f ace   co r ruga t ion   t ha t   has  no   reason   to   be  damped. S ince   t he   quan t i ty  c i s  
expressed in  terms of  a r e f e r e n c e  v e l o c i t y ,  UI, the  actual  dimensional  phase 
v e l o c i t y  and a m p l i f i c a t i o n  f a c t o r  i n  t h e  c a s e  o f  a s u r f a c e  c o r r u g a t i o n  would 
be   zero   s ince  U I  = 0 f o r  a l i q u i d  l a y e r  w i t h  a l a r g e  b u t  f i n i t e  v i s c o s i t y .  
O f  c o n s i d e r a b l e  s i g n i f i c a n c e  i s  t h e  b e h a v i o r  o f  t h e  d i s p e r s i o n  r e l a t i o n  
i n   t h i s   c a s e   o f   s t a t i c   c o r r u g a t i o n .   E q u a t i o n   ( 6 2 )   i n d i c a t e s   t h a t   t h e   s u b s o n i c  
s o l u t i o n s   a r e   u n s t a b l e  a t  R = 0 .  T h i s   a p p a r e n t l y   s u r p r i s i n g   r e s u l t   c a n   b e  
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c l a r i f i e d  by r e a l i z i n g  t h a t  t h e  d e s t a b i l i z i n g  a c t i o n  o f  t h e  g a s  p r e s s u r e  as 
i n d i c a t e d  by equat ion ( 2 3 )  assumes a dominat ing  role   near  R = O  (see eq. (38)). 
Equa t ion  (63 )  ind ica t e s  t ha t  t he  l i ne  R = 0 is a n e u t r a l  c u r v e  f o r  t h e  
supersonic   case .  The behavior   of  c in   the  neighborhood  of  R = 0 can  be 
determined  f rom  equat ions  (53)   and  (59) .   Different ia t ion  of   the terms i n  
equat ion  (53)   regarding R as the   i ndependen t   va r i ab le   y i e lds  a t  R = 0 
dc  dc dB -i (C - 1)   dc  
dR  dB  dR 2 dB 
- 
Now equation  (59)  can  be  regarded as an impl i c i t  equa t ion  connec t ing  c and 
B ,  and t h e   d e r i v a t i v e  dc/dB  can  be  evaluated a t  R = 0 b y   d i f f e r e n t i a t i n g  
the   de te rminant   (59)   wi th   respec t   o  B .  T h i s   c a l c u l a t i o n  i s  d i s p l a y e d   i n  
appendix B.  The r e s u l t  f o r  t h e  s u b s o n i c  c a s e  i s  t h a t  t h e  s o l u t i o n s  become 
l e s s   u n s t a b l e  as R i n c r e a s e s  f rom  zero ,   ind ica t ing   tha t  a l l  terms  in  equa- 
t i o n  (38) come i n t o   p l a y .  A f u r t h e r   r e s u l t  i s  t h a t   t h e   r e a l   p a r t   o f  c 
decreases  as R increases   f rom  zero ,   ind ica t ing ,   s ince   Re(c)  = 1 a t  R = 0,  
t h a t  t h e  s u b s o n i c  c a s e  d o e s  n o t  e x h i b i t  t h e  t y p e  o f  i n s t a b i l i t y  b e i n g  examined 
(phase   ve loc i ty   Re (c )   g rea t e r   t han   un i ty ) .  Hence, the   subsonic   case  w i l l  
no  longer  be  cons idered;  ins tead ,  a t ten t ion  will be  devoted  to  the  supersonic  
case  only.  A t  R = 0 t h e   r e s u l t   f o r   t h e   s u p e r s o n i c   c a s e  i s  as fol lows:  
* = i { k [ i -  dR C')2 2a2 sinh  a(cosh a + a s inh  a) ] - 2 cffi['$ + - a2 -c ,  
(a2 + cosh2a)  (sinh a cosh a-a) a W2 I> 
(65) 
where c '  = c - 1 and c is given  by  equation  (63). 
Now 
and s i n c e  t h e  r i g h t - h a n d  s i d e  of equation  (65) i s  pu re ly  imag ina ry ,  t h i s  
equat ion  g ives  the  damping o r  a m p l i f i c a t i o n  of  t h e  d i s t u r b a n c e  i n  t h e  n e i g h -  
borhood o f  R = 0 .  S e t t i n g  dc/dR = 0 in   equa t ion  (65) y i e l d s  a r e l a t i o n  
among the parameters  on t h e  r i g h t - h a n d  s i d e  v a l i d  f o r  n e u t r a l  d i s t u r b a n c e s .  
These  r e l a t ions  will be  presented  subsequent ly ,  a f te r  the  approximat ion  
inherent  in  equat ion  (65)  i s  evaluated by comparing the resul ts  of  this  equa-  
t i on   w i th   t he   numer i ca l   r e su l t s .   Be fo re   p re sen t ing   t hese   fu r the r   r e su l t s ,  i t  
i s  o f  i n t e r e s t  t o  examine solut ions of  the eigenvalue problem for  long waves 
(small  a) . 
For f i n i t e  v a l u e s  o f  R t he  so lu t ion  o f  t he  e igenva lue  p rob lem may be 
obtained  in   the  neighborhood of a = 0 by  expansion  in  powers  of a as 
suggested  by Y i h ,  r e f e r e n c e  8. Solu t ions  of  equat ions  (41) a re  sought  near 
a = 0 with c n e a r  1 (eq. (52) i n d i c a t e s   t h a t  c = 1 a t  cx = 0 ) .  The proce- 
dure se t  f o r t h  f o r  c a r r y i n g  o u t  t h e  n u m e r i c a l  s o l u t i o n  will b e  u s e d  f o r  t h i s  
a n a l y t i c  s o l u t i o n .  The i n i t i a l  c o n d i t i o n s  t o  b e  u s e d  a r e  e q u a t i o n s  (46) .  
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Let 
x = x 0 + a x 1  + . . . 
c = l + a c l + .  . . 
s = s 0 + a s 1 + .  . . 
Subs t i t u t ing   t hese   r e l a t ions   i n   equa t ion   (41 )   y i e lds   t o   l owes t   o rde r   i n  ct 
q 5 0 1 1  = so 
S o l 1  = 0 
t h e   i n i t i a l   c o n d i t i o n s   e q u a t i o n s   ( 4 6 )   t o   l o w e s t   o r d e r   i n  ct a r e  a t  rl = 0 
J 
The s a t i s f a c t i o n   o f   t h e   b o u n d a r y   c o n d i t i o n s  a t  11 = -1: equat ions (43) 
y i e l d  two equat ions   for   the   de te rmina t ion   of   the  two q u a n t i t i e s  x. and 
c1. T h i s   y i e l d s   t h e   f o l l o w i n g   d i s p e r s i o n   r e l a t i o n   n e a r  ct = 0 
c = l - - -  
F2  
i a  R 
T h i s   e x p r e s s i o n   i n d i c a t e s   t h a t   t h e   l i n e  ct = 0 i s  a n e u t r a l   c u r v e .   F u r t h e r -  
more, it c a n   b e   v e r i f i e d   t h a t  dc/dR  computed  from equation  (69)  agrees  with 
equat ion   (65)   to   lowes t   o rder   in  a. 
To summarize t h e  r e s u l t s  o f  t h i s  s e c t i o n  f o r  t h e  s u p e r s o n i c  c a s e ,  we can 
s a y  t h a t  t h e  l i n e  ct = 0 i s  a n e u t r a l  c u r v e ,  t h a t  t h e  l i n e  R = 0 i s  a 
n e u t r a l  c u r v e ,  t h a t  t h e  r a t e  o f  a m p l i f i c a t i o n  n e a r  t h e  l i n e  R = 0 may be 
obtained,   approximately,   f rom  equat ion  (65)   and  that   the   re la t ion  between  the 
pa rame te r s  fo r  neu t r a l  d i s tu rbances  nea r  t he  l i ne  R = 0 may be  obta ined ,  
approximately,  f rom equat ion (65)  by set t ing the lef t -hand s ide equal  to  zero.  
The va l id i ty  of  the  approximat ion  inherent  in  equat ion  (65)  w i l l  be  assessed  
fo r  s e l ec t ed  va lues  o f  t he  pa rame te r s  i n  the  fo l lowing  sec t ion .  
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Comparison of Approximate Solutions 
With Numerical So lu t ions  
The numerical  procedure descr ibed previously was programmed  on t h e  IBM 
7094 d i g i t a l  computer a t  Ames Research Center .  Single  precis ion complex ar i th-  
metic was used. The numer i ca l  i n t eg ra t ion  was s ta r ted  wi th  the  Runge-Kut ta  
formulas and continued with the Adams-Moulton formulas.  
The s t e p  s i ze  was e x t e r n a l l y  c o n t r o l l e d  a n d  set  so  t h a t  t h e r e  was no 
s ign i f i can t  change  in  the  e igenva lue  when the example was rerun  wi th  a s t e p  
.Go02 
I s i z e   e q u a l   t o   h a l f   o f   t h e   o r i g i n a l  
va lue .  The s t e p  s i ze  o f  1 /32  was 
To assure  convergence  to  an  e igenvalue  
I m k )  d i sc repanc ie s  o f  t he  computed boundary 
0 found t o  b e  s a t i s f a c t o r y  f o r  most runs. 
-.0002 - - t h e  sum o f   t h e   a b s o l t e   v a l u e s   o f   t h e  
-.0004 - - va lues  was r e q u i r e d   t o   b e  less than  
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The approximate  ana ly t ica l  
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Figure 2 . -  Comparison o f  numerical (dashed line) 
and approximate (solid line) determination of 
a  neutral  point  at  R = 0.01 f o r  same value of 
parameters as given in figure 4 .  
t he  numer i ca l  p rocedure  fo r  s e l ec t ed  
va lues  of  the  per t inent  parameters .  
Because of  the large number of 
p a r a m e t e r s  r e q u i r e d  t o  d e s c r i b e  t h e  
phys ica l  conf igura t ion  under  s tudy ,  
and the ranges of  these  parameters ,  
ana ly t ic  formulas ,  such  as equat ions 
(63) and (65) ,  a r e  h e l p f u l  f o r  d e s c r i b -  
i n g  t h e  r e s u l t s  of t h e  s t a b i l i t y  a n a l y -  
s i s .  Although  they may be  approximate, 
a n a l y t i c  s o l u t i o n s  a l s o  s i m p l i f y  t h e  
s e a r c h i n g  p r o c e s s  u s u a l l y  r e q u i r e d  t o  
f i n d  a n e u t r a l  p o i n t .  
The degree of approximation 
i n h e r e n t  i n  e q u a t i o n  (65) may be  de t e r -  
mined  from a comparison of the evalua- 
t ions  obta ined  f rom tha t  equat ion  wi th  
t h e   n u m e r i c a l   s o l u t i o n s .   l h e s e   s o l u -  
t i o n s  are compared i n  f i g u r e  2 which 
g i v e s  t h e  n u m e r i c a l  s o l u t i o n s  f o r  
R = 0.01 and values  of Im(c) (Im 
denotes   imaginary  par t ) .   Also shown 
i n  f i g u r e  2 are t h e  e x t r a p o l a t i o n s  
obtained from equation (66) with 
R = 0.01. I t  can  be  seen  f rom  this  
f i g u r e  t h a t  t h e  a p p r o x i m a t e  s o l u t i o n  
p r o v i d e s  v a l u e s  c l o s e  t o  t h o s e  o b t a i n e d  
by the  numerical  method.  For  example, 
2 1  
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Figure 3.- Comparison  of numerical solutions 
marked (A) with  equation (69) shown as a 
straight line at R = 150; c f m  = 0.001, 
U, = 4 cm/sec, h = 0.1 cm, T = 72 dynes/cm, 
g = 980 cm/sec2. 
it can be seen from f igure 2(b) t h a t  
t h e  n u m e r i c a l  s o l u t i o n s  y i e l d  a va lue  
o f  a = 0.187;  whereas  the  approximate 
s o l u t i o n s  y i e l d  a = 0.185  for  a 
neut ra l   d i s turbance   ( Im(c)  = 0 ) .  This 
agreement i s  c o n s i d e r e d  s u f f i c i e n t l y  
a c c u r a t e  f o r  t h e  s t a b i l i t y  r e s u l t s .  
The pa rame te r s  u sed  to  desc r ibe  the  
k i n e t i c s  o f  t h e  l i q u i d  f i l m  are t h e  
depth  of  the  film, h ,  and  the  ve loc i ty  
o f   t h e  film a t  t h e   i n t e r f a c e ,  U l .  The 
r e s u l t s  shown i n  f i g u r e  2 a p p l y  t o  a 
film with h = 0 . 1  cm and U l  = 4 cm/sec. 
The numer ica l  so lu t ions  can  be  
checked by means of  equat ion (69) .  
The resul ts  obtained from equat ion (69)  
are e x a c t   f o r   v a n i s h i n g l y  small CY 
and are compared with numerical 
r e s u l t s  a t  R = 150 i n  f i g u r e  3 .  
These  two  comparisons f o r  
s e l ec t ed  va lues  o f  t he  pa rame te r s  
lend credence to  both the numerical  
and   approximate   ana ly t ic   resu l t s .  The 
r e s u l t s  o b t a i n e d  f o r  a more ex tens ive  
r ange  o f  pa rame te r s  a re  p re sen ted  in  
t h e  n e x t  s e c t i o n .  
RESULTS AND DISCUSSION 
The r e s u l t s  o f  a s t a b i l i t y  a n a l y s i s  a r e  u s u a l l y  d i s p l a y e d  i n  an c1 - R 
diagram on which the   neut ra l   curve   ( Im(c)  = 0 )  i s  drawn. A s  p r e v i o u s l y   s t a t e d ,  
t h e  l i n e  CY = 0 i s  a neut ra .1   curve   and   for   the   supersonic   case ,   the   l ine  
R = 0 i s  a neu t r a l   cu rve .  However, t h e r e  are a l so   neu t r a l   cu rves   w i th  a 
d i f f e r e n t  from  zero  emanating  from  the  l ine R = 0, f o r  example,   see   f igure 2 .  
S t a r t i n g  from t h e s e   p o i n t s   n e a r  R = 0 ,  t h e   n e u t r a l   c u r v e s  were t r a c e d  as R 
i nc reased  by so lv ing  the  e igenvalue  problem numer ica l ly .  The r e s u l t s  o f  t h e s e  
computations are shown i n  f i g u r e  4. 
An in t e re s t ing  ques t ion  conce rn ing  the  neu t r a l  cu rves  in  f igu re  4 i s  why 
does one pass from region o f  i n s t a b i l i t y  t o  s t a b i l i t y  as t h e  n e u t r a l  c u r v e  i s  
crossed when R i s  inc reased  a t  a f i x e d   v a l u e   o f  a .  T h i s   r e s u l t  i s  c o n t r a r y  
t o   t h e   u s u a l   s i t u a t i o n   ( T o l l m i e n - S c h l i c h t i n g   i n s t a b i l i t i e s ) .  The answer t o  
the  ques t ion  l ies i n  c l a r i f y i n g  t h e  s o u r c e  o f  e n e r g y  f o r  t h e  two types  o f  
d i s tu rbance   mo t ion .   In   t he   To l lmien -Sch l i ch t ing   i n s t ab i l i t y   w i th  c < 1 t h e  
d is turbance  energy  i s  supp l i ed  by t h e  mean motion of  the f i l m .  I n  t he  
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Figure 4 . -  Neutral  curve  for  various values of 
the  parameter c f m .  Region  below  each 
of the curves is stable. UI = 4 cm/sec, 
h = 0.1 cm, T = 72 dynes/cm, g = 980 cm/sec2. 
p r e s e n t  case with c > 1 t h e  
d is turbance  energy  of  the  f i l m  i s  
sup.pl ied by the motion of  the gas .  
From equat ion (37) it can  be 
s e e n   t h a t  as the  Reynolds  number R 
o f  t he  f i l m  is i n c r e a s e d  f o r  f i x e d  
cf t h e  i n f l u e n c e  o f  t h e  last  term 
i n  t h e  b r a c k e t  on the  r igh t -hand 
s i d e  o f  t h a t  e q u a t i o n  i s  reduced. 
The o t h e r  two terms i n  t h e  b r a c k e t  
a l w a y s  t e n d  t o  s t a b i l i z e  t h e  d i s t u r -  
bance motion for  the cases  shown i n  
f i g u r e  4.  These two terms become 
dominant when R is  s u f f i c i e n t l y  
l a r g e .  
The last term i n  t h e  b r a c k e t  on 
the  r igh t -hand s ide  of  equat ion  (37 )  
i s  p r o p o r t i o n a l  t o  t h e  p r e s s u r e  c o e f f i c i e n t  f o r  s u p e r s o n i c  f l o w  p a s t  a wavy 
wall ( r e f .  9 ) .  Fur thermore ,   the   d i s turbance   p ressure  i s  no t   i n   phase   w i th   t he  
wall and a wave drag is  e x e r t e d  on t h e  wall ( t h e  d i s t u r b e d  g a s - l i q u i d  i n t e r -  
f ace  in  the  p re sen t  ca se ) .  These  phase  r e l a t ions  a re  ana logous  in  a s e n s e  t o  
the  phase  r e l a t ions  in  the  To l lmien -Sch l i ch t ing  type  in s t ab i l i t y  where  the  
mechanism f o r  wave gene ra t ion  i s  the  change  in  phase  across  the  l iqu id  layer  
( r e f .   1 0 ) .  However, as opposed t o   t h e   T o l l m i e n - S c h l i c h t i n g   t y p e   o f   i n s t a b i l -  
i t y  where a d e s c r i p t i o n  o f  t h e  mechanism i s  r a the r  i nvo lved ,  t he  mechanism of 
wave g e n e r a t i o n  i n  t h e  p r e s e n t  case can simply be described as supe r son ic  
wave drag.  Because  the  oblique waves  under  consideration are t h r e e  dimen- 
s i o n a l ,  i t  is no t  on ly  necessa ry  tha t  t he  ex te rna l  stream be  supersonic ,  bu t  
a l s o  t h a t  t h e  component o f  t he  ex te rna l  f l ow ac ross  the  crests of t h e  waves  be 
supersonic .  
S ince   t hese   gene ra l   p rope r t i e s   a r e   ev iden t   i n   t he  c1 - R d iagram  for  a 
few se l ec t ed  va lues  o f  t he  pa rame te r s ,  t h i s  r ep resen ta t ion  w i l l  not  be pursued 
f u r t h e r  as a means f o r  d i s p l a y i n g  t h e  r e s u l t s  o f  t h e  a n a l y s i s .  R a t h e r ,  
a n o t h e r  r e p r e s e n t a t i o n  w i l l  be used which i s  b e t t e r  s u i t e d  f o r  d i s p l a y i n g  t h e  
r e s u l t s   f o r  small va lues   o f  R .  
Because equation (65) p r o v i d e s  s u f f i c i e n t l y  a c c u r a t e  a n s w e r s  f o r  small 
R ,  t h e  case o f  i n t e r e s t ,  i t  w i l l  f o r m  t h e  b a s i s  f o r  p r e s e n t i n g  t h e  r e s u l t s  f o r  
neu t r a l  d i s tu rbances  cove r ing  a wide  range  of  parameters.  Also, it should  be 
noted from f igure 4 t h a t  t h e  n e u t r a l  c u r v e s  a r e  n e a r l y  h o r i z o n t a l ,  s o  t h a t  t h e  
va lues   o f  c1 e s t a b l i s h e d  f o r  n e u t r a l  p o i n t s  by  means of   equat ion (65) n e a r  
R = 0 f o r  a given value of  c + . G  should correspond approximately to  the 
I 
same value   o f  c f f i  a t  much l a r g e r   v a l u e s   o f  R .  
The values   of  c1 cor re spond ing   t o   neu t r a l   po in t s  may be 
one p lo t s   equa t ion  (65) as a f u n c t i o n   o f  ct fo r   g iven   va lues  
eters and  notes   where  the  curve  crosses   zero.  However, it i s  
e s t a b l i s h e d  i f  
o f  t h e  param- 
more convenient 
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t o  s e t  t h e  l e f t - h a n d  s i d e  of equat ion ( 6 5 )  t o  z e r o  a n d  s o l v e  t h e  r e s u l t i n g  
equa t ion .   Th i s   so lu t ion  i s  accomplished  by  e l iminat ing  the term cf/M2 - 1 
by means o f  equa t ion  ( 6 3 )  and  r ea r r ang ing  to  ob ta in  the  fo l lowing  quadra t i c  
e q u a t i o n   i n  c' 
CY cosh2 CY +  CY^ - 2a3 cosh2 CY ) c f 2 + c ' - ( + +  $)= O 2 ( s inh  CY cosh CY - CY) s i n h  CY cosn CY - CY 
A s  s t a t e d  p r e v i o u s l y  t h e  k i n e m a t i c s  of t h e  l i q u i d  film are c h a r a c t e r i z e d  
by h and U I .  Given  these  values   and  values   of  CY, t h e   s u r f a c e   t e n s i o n   c o e f f i -  
c i e n t  T, and t h e   a c c e l e r a t i o n   o f   g r a v i t y   g ,  a l l  t h e   c o e f f i c i e n t s   i n   e q u a -  
t i o n  (70) can  be  eva lua ted  and  the  r e su l t i ng  quadra t i c  equa t ion  can  be  so lved  
f o r  c ' .  The c h o i c e   o f   t h e   s i g n   b e f o r e   t h e   r a d i c a l   i n   t h e   q u a d r a t i c   f o r m u l a  
can   be   dec ided   by   no t ing   t ha t   fo r   l a rge  CY t h e   c o e f f i c i e n t   o f   c I 2  i s  
p o s i t i v e .  T h i s  fact  r e q u i r e s  t h a t  t h e  p o s i t i v e  s i g n  b e  c h o s e n  f o r  p o s i t i v e  
r o o t s   ( c l   p o s i t i v e ) .   A f t e r   t h e   q u a d r a t i c   e q u a t i o n  i s  so lved   the   parameter  
c f n  i s  eva lua ted   by  means of   equat ion ( 6 3 ) .  T h i s  l e a d s  t o  
C f  
/- = s i n h  a cosh CY - CY 
~ C Y C '  ( a 2  + cosh2 a) 
The r e s u l t s  f o r  n e u t r a l  d i s t u r b a n c e s  are d i sp layed  i n  dimensional form by plot-  
t i ng   t he   wave leng th   o f   t he   d i s tu rbance  X = 2-rrh/a a g a i n s t  cf=. These 
r e s u l t s  are d i s p l a y e d   i n   f i g u r e  5. On e a c h   f i g u r e   t h e   q u a n t l t y  hUI i s  h e l d  
cons t an t .  The quant i ty   (1/2)hU,  E Q' i s  t h e  volume  flow r a t e   p e r   u n i t   w i d t h  
i n  t h e  d i r e c t i o n  o f  t h e  wave normal .   Note   that   for  a given  value  of  c f K ,  
t h e r e  are e i t h e r  two neut ra l  wavelengths  or  none .  I t  should  be  noted  tha t  
the  Reynolds number o f  t h e  film R i s  n o t  s p e c i f i e d  f o r  any   of   the   resu l t s  
i n  f i g u r e  5 .  A s  s t a t e d  p r e v i o u s l y  t h e s e  r e s u l t s  s h o u l d  h o l d  o v e r  a range  of 
Reynolds  numbers  and  become  incl'easingly more a c c u r a t e  as the Reynolds number 
approaches  zero.  For  wavelengths much smaller than   the   depth   o f   the  film t h e  
r e s u l t s  i n  f i g u r e  5 may be compared wi th  the  resu l t s  of  Wi l l son  and  Chang 
( r e f .  11 )  who t r e a t e d  t h e  case o f  a n  i n f i n i t e l y  d e e p  l i q u i d .  One o f  t h e i r  
r e s u l t s  i s  tha t  the  wavelength  i s  an  inc reas ing  func t ion  o f  t he  Mach number. 
Th i s  t r end  i s  ev ident  f rom an  inspec t ion  o f  f i g u r e  5 fo r  sho r t  wave leng ths .  
However, i n  c o n t r a s t  t o  t h e i r  r e s u l t ,  t h e  w a v e l e n g t h  d o e s  n o t  a p p r o a c h  a n  
asymptotic  value as t h e  Mach number i n c r e a s e s .  One should be reminded that  
t h e  v a r i a b l e s  and parameters  used in  f igure 5 c o r r e s p o n d  t o  q u a n t i t i e s  
measured i n  t h e  d i r e c t i o n  o f  t h e  wave n o r m a l ,  n o t  i n  t h e  d i r e c t i o n  o f  t h e  
e x t e r n a l  stream. 
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CONCLUSIONS 
I t  i s  conc luded  f rom the  fo rego ing  l i nea r  ana lys i s ,  t ha t  ob l ique  waves 
w i l l  b e  g e n e r a t e d  i n  t h e  melt l a y e r  o f  a body entering the atmosphere even 
though the  layer  i s  extremely viscous.  The  mechanism of t h e  wave gene ra t ion  
i s  supe r son ic  wave drag .   For   the   type  of ob l ique  waves  considered,  the 
d i r e c t i o n  of t h e  wave crests i s  i n c l i n e d  n o t  a t  t h e  Mach a n g l e  o f  t h e  e x t e r n a l  
stream b u t  t h e  d i r e c t i o n  is such s o  t h a t  t h e r e  is  always supersonic flow 
a c r o s s  t h e i r  c r e s t s .  The wavelength   o f   neut ra l   d i s turbances  i s  governed  by 
pa rame te r s  a s soc ia t ed  wi th  the  ex te rna l  stream and with the melt l a y e r  i t s e l f .  
Ames Research Center 
National Aeronautics and Space Administration 
Moffe t t   F ie ld ,  Cal i f . ,  94035, Aug. 28,  1968 
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APPENDIX A 
PRINCIPAL NOMENCLATURE 
speed of sound 
phase  ve loc i ty ,  d imens ionless  
de f ined  by  equation  (44) or (45) 
v e l o c i t y  o f  l i q u i d  
depth of f i l m  
imaginary  uni t  
imaginary  par t  
wave  number 
p r e s s u r e  
p re s su re ,  bas i c  f low 
(1/2)Ulh quant i ty  of  f low per  uni t  width 
real  p a r t  
d i s tu rbance  vo r t i c i ty ,  d imens ion le s s  
time 
s u r f a c e  t e n s i o n  c o e f f i c i e n t  
v e l o c i t y  component 
v e l o c i t y  component, bas ic  f low 
@ l ( O )  
defined by equat ion (55)  
Car t e s i an  coord ina te s  
a wave number,  dimensionless 
B def ined   by equat ion  (53) 
Y r a t i o   o f s p e c i f i c   h e a t s  
C 
g 
I 
X 
a,B 
m 
C f  
F 
M 
R 
W 
a m p l i t u d e  o f  d i s t u r b a n c e  o f  t h e  i n t e r f a c e  
coord ina te  normal  to  sur face ,  d imens ionless  
wavelength 
dynamic v i s c o s i t y ,  l i q u i d  
k i n e m a t i c  v i s c o s i t y ,  l i q u i d  
d e n s i t y  
stress components,  gas 
d i s tu rbance  stream funct ion ,  d imens ionless  
angular  f requency  of  d i s turbance  
S u b s c r i p t s  
d i f f e r e n t i a t i o n   w i t h   r e s p e c t   t o  c 
gas  quan t i ty  eva lua ted  a t  g a s - l i q u i d  i n t e r f a c e  
l i q u i d  q u a n t i t y  e v a l u a t e d  a t  g a s - l i q u i d  i n t e r f a c e  
e x t e r n a l  f l o w  d i r e c t i o n  a n d  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  x 
tensor   index,   range  (1-2)  
e x t e r n a l  stream cond i t ions  
Supe r sc r ip t  
t o t a l  q u a n t i t y  
Dimensionless  Groups 
f r i c t i o n  c o e f f i c i e n t  
Froude  number 
Mach number 
Reynolds number 
Weber number 
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APPENDIX B 
CALCULATION OF DERIVATIVE 
D i f f e r e n t i a t i o n  of the  determinant   (eq.  ( 5 9 ) )  w i t h   r e s p e c t   o  B and 
eva lua t ion  a t  
+ 
1 
+ 2  
0 
0 
2 a  
0 
s i n h  a 
a cosh a 
2a2 
0 
s inh  a 
a cosh a 
2a2 
0 
s inh  a 
a cosh a 
2a2 
0 
B = a y i e l d s  
cosh a cosh a 
a s i n h  a + cosh a ct s i n h  a 
0 - - X  a 
0 2a2 
s inh  a cosh a 
a cosh a + 2 s inh  a a s inh  ct 
- X  
- 2   a 
0 2a2 
cosh a 0 
a s i n h  ct + cosh a 0 
0 
0 0 
cosh a cosh a 
a s i n h  a + cosh a a s inh  a 
0 - - X  a 
0 2a2  
s inh  a 
a cosh a + s inh  a 
0 
2 a  
s inh  a 
a cosh a + s inh  a 
0 
2 a  
s inh  a 
a cosh a + s i n h  a 
0 
2 a  
cosh a 
a s inh  a + 2 cosh 
0 
2 
a 
= o  
2 9  
Eva lua t ion  o f  t he  fou r  de t e rminan t s  i n  o rde r  y i e lds  
-4a4 - 4a2 cosh2 a + 2a s i n h 2  a - 
-4a3 s inh a cosh a - 2a2 (1  + a2)cosh2 a + 4a4 s inh2  a 
(ax) 
+2a ( s inh  a cosh a - a )  - 
dB 
+ (s inh a cosh a - a) (+) - 2a2 (1 + a2)cosh2 a = 0 
Combining l i k e  terms y i e l d s  
-4a2(2a2 + 2 cosh2 a + a s inh  a cosh a )  
(2a  s inh2  a + s i n h  a cosh a - a )  
+ 2a 6 (+) ( s inh  a cosh a - a )  = 0 (Bl) 
SUPERSONIC  ASE 
Evaluat ing  equat ion (55) a t  R = 0 y i e l d s  
x = -  i a  
c - 1  f 
From equation  (44)  evaluated a t  R = 0 
ia 1 f = -  
Cf 
Hence, 
a 1 - 2 a 2 ( a 2  + cosh2 a )  
c - 1 c f i b -  s i n h  a cosh ct - a 
where the  second equal i ty  fo l lows  a f t e r  equat ion (63) i s  used. 
I n   o r d e r   t o   e v a l u a t e  (d/dB)X it i s  convenient   o   express  X i n  terms of 
B r a t h e r   t h a n  R .  From equat ions  (44) ,  ( 5 3 ) ,  and (55) we have 
-x = ( 8 2  - a2)  ( c  - 1)-2 (5 + $)+ a q c  - 1 ) - 1  - ( 6 2  - a2)  ( c  - 1)-1 
c f hr" 
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D i f f e r e n t i a t i o n  of t h i s   e x p r e s s i o n   w i t h   r e s p e c t   t o  B t ak ing   i n to   accoun t  
t h a t  c is t o   b e   r e g a r d e d  as a f u n c t i o n   o f  f3 y i e l d s  
.[$(-X)] a =2[( c - 1 1) 2(;+$) - 4 -  (c a - 1 ) 2  cf@T"i 1 dc 
B=a 
(B3) 
Subs t i t u t ing  equa t ions  (B2) and (B3) in to   equat ion   (Bl )   and   rear ranging   y ie lds  
(C - 1)   dc ( c ' ) ~  2a2 s inh   a (cosh  a + a s inh  a) 
a -=-[3- dB 4a (a2 + cosh2 a) (s inh a cosh a - a) 1 
This  i s  t h e  d e s i r e d  r e s u l t ,  s i n c e  
SUBSONIC CASE 
Subs t i t u t ing   equa t ion  (45) in to   equat ion   (55)   and   eva lua t ing  a t  R = 0 
y i e l d s  
" - X  - i a  1 -2a2(a2 + cosh2 a) 
a c - 1  
- -  - 
C f m  
- 
s inh  a cosh a - a 
where the  second equal i ty  fo l lows  af te r  equat ion  (62)  i s  used. 
F o r   t h e   e v a l u a t i o n   o f   t h e   d e r i v a t i v e ,  X i s  expressed  in   terms  of  f3 as 
fol lows : 
-x  = (e2 - a2)   (c  - 1) -2  (+ + $) + i a2  
c f m  
(c  - 1) -1  - ( 8 2  - a2) (c - 1>-1 
D i f f e r e n t i a t i n g   t h i s   e x p r e s s i o n   w i t h   r e s p e c t   o  B ,  r ega rd ing  c as a func- 
t i o n   o f  B as b e f o r e ,   y i e l d s :  
1 i a  1 dc 
a 
B=a 
Subs t i t u t ing  equa t ions '  (B4) and (B5) in to  equa t ion  (B l )  and  r ea r r ang ing  y i e lds  
dc  (C - 1) dc 
" - -i 
dR 2 dB 
-
1 - "- s i n h  a cosh a - a i s i n h  a cosh c1 - a 
a2 + cosh2 c1 2a2 a2 + cosh2 a (+ + $) 
+ i [  ( c  - 1 ) 2  (4a2 + 4 cosh2 a + 2a s i n h  a cosh a 
4a a2 + cosh2 a 
+ 2a s i n h 2  a + s i n h  a cosh a - a 
s i n h  a cosh a - a 
The real  p a r t  o f  t h i s  expres s ion  ind ica t e s  t ha t  Re (dc /dR)  is nega t ive  a t  
R = 0. The i m a g i n a r y   p a r t   i n d i c a t e s   t h a t  Im(dc/dR) is a l s o   n e g a t i v e  a t  
R = 0.  
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